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Abstract 3 
Using an assumed vertical retaining wall with a drainage system along the 4 
soil-structure interface, this paper analyses the effect of anisotropic seepage flow on 5 
the development of passive earth pressure. Extremely unfavourable seepage flow 6 
inside the backfill, perhaps due to heavy rainfall, will dramatically increase the active 7 
earth pressure while reducing the passive earth pressure; thus increasing the 8 
probability of instability of the retaining structure. In this paper, a trial and error 9 
analysis based on limit equilibrium is applied to identify the optimum failure surface. 10 
The flow field is computed using Fourier series expansion, and the effective reaction 11 
force along the curved failure surface is obtained by solving a modified Kötter 12 
equation considering the effect of seepage flow. This approach correlates well with 13 
other existing results. For small values of both the internal friction angle and the 14 
interface friction angle, the failure surface can be appropriately simplified with a 15 
planar approximation. A parametric study indicates that the degree of anisotropic 16 
seepage flow affects the resulting passive earth pressure. In addition, incremental 17 
increases in the effective friction angle and interface friction both lead to an increase 18 
in the passive earth pressure. 19 
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equation; cohesionless soils 21 
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Introduction 22 
Earth pressure is one of the oldest and most classical problems in geotechnical 23 
design and has been extensively studied and reported in the literature. In practical 24 
engineering, the most famous methods for calculating earth pressures are the 25 
Coulomb (1776) and Rankine (1867) earth pressure theories, which can be 26 
categorised as limit equilibrium methods; these approaches have been more recently 27 
developed considering the movement modes of retaining structures (Sabzevari and 28 
Ghahramani, 1973), surcharge loading (Motta, 1994) and seismic effects (Ghosh, 29 
2008; Ghosh and Sharma, 2012). Other major approaches to the calculation of earth 30 
pressures include the limit analysis method (Collins 1973; Soubra and Macuh 2002; 31 
Yang 2007), slip line method (Chen and Li 1998; Cheng 2003; Liu and Wang 2008), 32 
and the method of characteristics (Sokolovskii 1965; Kumar 2001; Kumar and 33 
Chitikela 2002). These methods provide alternative approaches to calculating the 34 
earth pressures of the backfill behind retaining structures under varying conditions.  35 
The classical theories such as Coulomb’s theory of earth pressure use a failure 36 
surface which is normally assumed to be planar. However, it has long been 37 
recognized that the real failure surface in the backfill may consist of a curved lower 38 
section and a straight upper section, due to the influence of the soil-wall interface 39 
friction (Terzaghi 1941; Bishop 1966; Fang and Ishibashi 1986; Terzaghi et al. 1996). 40 
To assess this mixed failure surface shape, a log-spiral failure surface was proposed 41 
by Morrison and Ebeling (1995) allowing the calculation of the passive earth pressure 42 
using the limit equilibrium method. Since then, various methods adopting curved 43 
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failure surfaces have been developed including considering more general ground and 44 
loading conditions. For example in recent years, surcharge loading (Soubra 2000; 45 
Škrabl and Macuh 2005), cohesive-frictional backfill (Subba Rao and Choudhury 2005; 46 
Xu et al. 2015), and seismic effects (Kumar 2001; Brandenberg et al. 2015) have been 47 
incorporated. By comparing the experimental data and calculated results, Fang et al. 48 
(2002) found that the curved failure surface is superior to the planar surface in the 49 
passive mode. Therefore, a log-spiral failure surface is employed to calculate the 50 
passive earth pressure acting on a rigid retaining wall in the present study. 51 
Seepage flow is also a key factor influencing the pore pressure and effective stress 52 
distribution within the backfill, and thus affecting the earth pressure acting on 53 
retaining structures, which has been extensively investigated (Harr, 1962; Siddiqua et 54 
al., 2013; Veiskarami and Zanj, 2014). The governing equation for seepage flow can 55 
be simplified as a two-dimensional Laplace equation with prescribed boundary 56 
conditions. Given the difficulties in solving the equation analytically, numerical 57 
methods such as the finite difference method (Soubra et al. 1999; Benmebarek et al. 58 
2006), finite element method (Wang and Cheung 2001; Helwany 2007), and 59 
boundary element method (Barros and Santos 2012; Ai and Hu 2015) are normally 60 
employed. In these studies, the active earth pressure increases and the passive earth 61 
pressure reduces with the presence of the seepage flow, reducing the bearing 62 
capacity of the retaining wall significantly and increasing the potential for severe 63 
damage, economic losses and environmental harm (Budhu, 2011; Siddiqua et al. 64 
2011). Through model tests, Ichihara et al. (1982) quantified the effect of seepage 65 
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flow on the earth pressure distribution and found that seepage flow can increase the 66 
active earth pressure by as much as 64% in comparison to the no flow scenario. 67 
However, at present no such experiments have been presented to assess the effect of 68 
seepage flow on passive earth pressures. 69 
Where seepage flow is accounted for in the calculation of earth pressure, for 70 
simplicity isotropic flow conditions are commonly assumed. By assuming planar 71 
failure surfaces, the effect of seepage flow on the active earth pressure of a rigid 72 
retaining wall has been investigated using limit equilibrium methods; see Barros 73 
(2006), Wang et al. (2008a, b) and Santos and Barros (2015). However, such solutions 74 
cannot be extended to the passive case due to difficulties in calculating the reaction 75 
forces along the curved failure surface under seepage flow conditions. In addition, it 76 
has long been recognized that seepage flow is commonly not isotropic but 77 
anisotropic, as most retaining structure backfills display some degree of anisotropy 78 
due to their deposition and compaction process and the normal stress conditions, 79 
thus the coefficients of the permeability normally vary in the horizontal and vertical 80 
directions (Jeng et al., 2001; Ai and Wu 2009; Rafiezadeh and Ashtiani 2014). Field 81 
measurements have shown that permeability values in the horizontal direction are 82 
multiples of those in the vertical direction; this can significantly affect the pore 83 
pressure distribution in the backfill behind the wall (Kenney 1963; Head 1988; Jeng et 84 
al. 2001; Hazelton and Murphy 2007). By assuming that the horizontal axis coincides 85 
with the direction of the maximum permeability, Hu et al. (2017) showed analytically 86 
that the anisotropic permeability of the backfill can significantly affect the 87 
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distribution of both the pore water pressure and the active earth pressure on 88 
retaining structures. However, studies of the passive earth pressure including 89 
anisotropic seepage flow are rarely considered and thus this aspect requires further 90 
investigation.  91 
The present paper proposes a method for calculation of the passive earth pressure 92 
accounting for anisotropic seepage flow inside the backfill, based on an analytical 93 
solution of anisotropic seepage flow using Fourier series expansion. A complete 94 
log-spiral surface mimicking the passive failure is assumed in the analysis, and a 95 
modified Kötter (1903) equation considering anisotropic seepage effect is primarily 96 
employed to calculate the effective resultant earth reaction distribution on the 97 
curved failure surface. The proposed method has the following important main 98 
features: a) a trial and error approach is used to determine the unique passive thrust, 99 
without requiring a pre-assumed location of the earth thrust in force equilibrium 100 
analysis; b) the anisotropic seepage is included such that the effect of groundwater 101 
flow inside the backfill can be accurately evaluated; c) the effective soil reaction force 102 
along the failure surface is calculated using a modified Kötter equation considering 103 
the effect of anisotropic seepage flow, ensuring that both the force and moment 104 
equilibrium conditions can be applied and the location of the passive earth thrust can 105 
be determined. A comparison between calculated results and the results from other 106 
studies indicates that the anisotropic seepage flow affects the passive earth pressure, 107 
especially for the cases with larger internal friction angle and soil-wall interface 108 
friction angle. Parametric studies of the anisotropic coefficient of permeability, the 109 
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internal friction angle of soils and the soil-wall interface friction angle are also 110 
presented to show their respective or joint influences on the coefficients of passive 111 
earth pressure. Finally, a simplified version of the proposed procedure is also put 112 
forward, in which a planar failure surface is considered. This provides a good 113 
approximation in comparison with those using curved failure surface methods given 114 
a small internal friction angle of the soil and a small soil-wall interface friction angle. 115 
Thus under such conditions the simplified method can be applied to calculate the 116 
passive earth pressure including the effects of anisotropic seepage flow.  117 
 118 
Outline of the Analysis  119 
Assumptions 120 
The analysis presented in this paper considers the case of a vertical rigid retaining 121 
wall resting against a horizontal cohesionless backfill with anisotropic seepage flow, 122 
originating from a continuous source on the horizontal surface. An external strut 123 
force is pushing the wall to move towards the soil and the soil to behave passively. In 124 
addition, the rigid retaining wall is provided with a drainage system along the 125 
soil-wall interface and the layer beneath the wall. The horizontal surface at y=0 is an 126 
impervious layer. The resulting flow net under anisotropic seepage conditions is 127 
illustrated in Fig. 1.  128 
In order to obtain the earth pressure solution given anisotropic seepage, the 129 
following assumptions are made:  130 
1) The shape of the failure surface is taken as a complete log spiral, extending from 131 
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the wall heel to the horizontal ground surface (Fig. 2). 132 
2) The backfill is fully saturated and homogeneous, and the principal directions of 133 
permeability coincide with the horizontal and vertical directions;  134 
3) The flow is in the steady laminar state and obeys the linear form of Darcy’s law.  135 
These assumptions have been widely used for the analysis of passive earth pressure 136 
on retaining walls, e.g. Morrison and Ebeling (1995), Soubra and Macuh (2002), and 137 
Patki et al. (2015a). 138 
Methodology 139 
According to the free-body diagram of the failure wedge illustrated in Fig. 2, the 140 
following forces are identified: 141 
1) The passive thrust on the retaining wall Pp, of which the horizontal and vertical 142 
components are Ph and Pv, respectively. 143 
2) The self-weight of the failure segment ABC is W. 144 
3) The effective resultant soil reaction force R’ along the failure surface AC. Its 145 
horizontal and vertical components are designated as Rh’ and Rv’, respectively. 146 
4) The resultant pore pressure force U, due to the seepage inside the backfill acting 147 
on the failure surface AC. Its horizontal and vertical components are designated as 148 
Uh and Uv, respectively. 149 
A trial and error procedure is performed to obtain the passive thrust Pp, following the 150 
method shown in Fig. 3. Two parameters ϑv and ϑcr that determine the location of 151 
the pole of the log spiral and the geometry of the failure wedge are treated as 152 
unknowns in the iterative analysis. For any given values of the angle ϑv and ϑcr, it is 153 
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possible to determine a complete geometry of the failure wedge that is sensitive to 154 
the input parameters, including the effective friction angle φ’, soil-wall interface 155 
friction angle δ and the wall height H. A modified Kötter equation considering the 156 
effect of seepage flow is applied to calculate the effective reaction force R’ along the 157 
curved failure surface, and the pore water pressure force U resulting from the 158 
seepage flow is obtained by solving the Laplace equation under the prescribed 159 
boundary conditions (Fig. 1). Details of the effective reaction force and the pore 160 
water pressure force will be presented towards the end of this paper.  161 
The protocol proposed here involves the application of both horizontal and vertical 162 
limit-equilibrium conditions to determine the horizontal and vertical earth pressure 163 
components Ph and Pv, and thus the passive earth thrust with Pp= Ph /cosδ= Pv /sinδ. 164 
If the assumed values of ϑv and ϑcr are acceptable, then the obtained passive thrust 165 
Pp from both the horizontal and vertical directions must be equal or within a small 166 
error range. If this is not the case the values of the angle ϑv and ϑcr are modified, and 167 
the calculation procedure is repeated until the above convergence condition has 168 
been satisfied. 169 
Several values of passive thrust that fulfill the above conditions can be obtained, with 170 
passive thrusts locations which can be obtained through back-calculation using the 171 
moment equilibrium condition with known values of Pp. The criterion of T/H=1/3 is 172 
applied in order to identify the optimum value of Pp. Therefore, the failure surface 173 
that yields the closest value to T/H=1/3 will be identified for the passive thrusts 174 
locations. The same approach has also been adopted by Barros (2006) and Patki et al. 175 
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(2017).  176 
 177 
Anisotropic seepage solutions 178 
Total head h(x, y) 179 
In the present study, seepage analysis is carried out primarily to determine the 2-D 180 
distribution of the total head h(x, y). The mathematical model used to obtain the 181 
solutions to the anisotropic seepage through the saturated backfill is derived from 182 
the Laplace differential equation, 183 
  
2 2
2 2
0x y
h h
k k
x y
 
 
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  (1) 184 
where kx and ky are coefficients of permeability in the horizontal and vertical 185 
directions respectively. For the case considered in Fig. 1, Barros (2006) obtained a 186 
solution to the Laplace equation for isotropic soil based on Fourier series expansion. 187 
To investigate the effect of the anisotropy of seepage flow, the ratio of permeability 188 
coefficient ξ=(ky/kx)
1/2 was introduced by Hu et al. (2017), and the solution to the 189 
Laplace equation for anisotropic seepage can be then obtained as 190 
2
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 
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 
       (2) 191 
where m is number of term in Fourier series and M is obtained by 192 
 
 2 1
2
m
M

   (3) 193 
The pore pressure at any point inside the soil mass is 194 
    , ,wu x y h x y y      (4) 195 
where γw is the unit weight of water.  196 
In order to obtain the pore water pressure acting on the curved failure surface, the 197 
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total head h(x, y) along the log-spiral failure surface can be expressed in a polar 198 
coordinate system, as shown in Fig. 4. The transformation equations between the x-y 199 
Cartesian coordinate system and r-ϑ polar coordinates on the curved failure surface 200 
can be obtained by 201 
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  (5) 202 
where φ’ is the effective internal friction angle of soils, r0 is the initial radius of the 203 
log spiral, ϑ is the angle made by the intermediate radii of the log spiral with the 204 
initial radii. 205 
Pore pressure along the curved failure surface 206 
Based on the coordinate transformation rule given in Eq. (5), the total head along the 207 
failure surface can be obtained, 208 
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thus, the pore pressure along the failure surface can be obtained, 210 
  tan0 0cos e cos
'
w v vu h r r
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Integration of Eq. (7) yields the resultant pore pressure force U along the curved 212 
failure surface, which is given by 213 
 = dU u s   (8) 214 
In Eq. (8), u is the pore pressure acting perpendicular to the curved failure surface, 215 
and its radial and circumferential components can be written as 216 
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u u '
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  (9) 217 
The horizontal component of the resultant pore pressure force Uh is then obtained, 218 
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Similarly, the vertical component Uv of the resultant pore pressure force is, 220 
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As the radial component of pore pressure ur passes through the pole of the log-spiral, 222 
its contribution to the moment equilibrium condition is null. Therefore, only the 223 
moment of the circumferential pore pressure uc is contributed as 224 
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 226 
Determination of passive earth pressure 227 
Force equilibrium conditions can be applied to determine the passive earth thrust Pp, 228 
where the weight of the failure wedge W, the effective reaction force R’ acting on the 229 
failure surface, and the resultant pore pressure force U are all known. The calculation 230 
procedure of W and R’ is presented below. From these parameters the passive earth 231 
thrust Pp and its location of application can be obtained. 232 
Weight of the failure wedge 233 
Considering the log-spiral curved failure surface shown in Fig. 5, the weight of the 234 
failure wedge W can be calculated by 235 
 
1 2 3=W W W W    (13) 236 
in which W1 is the weight of the log spiral part OAC, W2 is the weight of the triangular 237 
part OBC, and W3 is the weight of the triangular part OAB. W1, W2 and W3, can be 238 
given below,  239 
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  (14) 240 
where γsat is the unit weight of saturated soil, Xi and Yi are the x and y coordinates of 241 
point i (i= O, A, B and C).  242 
Xi and Yi can be determined with the known initial radius r0 (OA), the distances OB 243 
and OC, which can be calculated by 244 
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  (15) 245 
where β is the angle between OB and the horizontal direction calculated by 246 
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  (16) 247 
Solution of the modified Kötter equation 248 
For the cohesionless homogeneous soil under passive state, the distribution of soil 249 
reaction along the curved failure surface can be obtained by original Kötter (1903) 250 
equation (Fig. 6), which can be written as, 251 
  2 tan sin 0
p
p
s s

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  (17) 252 
where α is the tangential angle at the differential point on the failure surface with 253 
respect to the horizontal axis; γ is the unit weight of soils.  254 
Dewaikar and Mohapatra (2003a, b) applied the Kötter (1903) equation to the limit 255 
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equilibrium analysis of shallow foundation bearing capacity problems, which has also 256 
been applied to earth pressure problems by Kame (2012) and Patki et al. (2015b, 257 
2017). Note that these studies are restricted to the conditions without seepage flow. 258 
By considering the effect of seepage flow in the backfill, the Kötter equation can be 259 
modified into (Carrillo 1942): 260 
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or 262 
  sat2 tan sin cos sin 0
p' u u
p' ' R ' ' R '
R
     
 
  
      
  
  (19) 263 
where R is the curvature radius along the curved failure surface. 264 
In a polar coordinate system with x=R·sinα and y=H-R·cosα, the total head of water h 265 
can be expressed as 266 
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w
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The derivatives of pore water pressure u with respect to α and R can then be 268 
obtained as 269 
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Substituting Eq. (21) into Eq. (19), the modified Kötter equation can be written into 271 
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or 273 
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As seen in Eq. (23), the effect caused by the presence of water has two parts, i.e. 275 
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buoyancy force and seepage force. For the special case of saturated soil without 276 
seepage inside the backfill or a planar failure surface concerned, the solution to Eq. 277 
(23) can be analytically obtained, as described in Appendix A. However, for the case 278 
with a log-spiral failure surface considering seepage effect, there is no analytical 279 
solution to the modified Kötter equation expressed in Eq. (23). Instead, a numerical 280 
procedure based on Runge-Kutta method was applied to solve the modified Kötter 281 
equation using the commercial software MATLAB. The effective reactive pressure p’ 282 
under given boundary conditions can thus be obtained.  283 
The total reactive pressure p along the failure surface is then obtained by summing 284 
up the effective pressure p’ and pore water pressure u. The integration of Eq. (23) 285 
gives the effective reactive pressure distribution, and double integration yields the 286 
effective resultant soil reaction R’ on the log-spiral failure surface. Therefore, the 287 
horizontal and vertical components of the effective resultant soil reaction are given 288 
by 289 
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Passive earth pressure solution 291 
The passive earth pressure acting on the retaining wall can be obtained using force 292 
equilibrium conditions in both the horizontal and vertical directions. Considering the 293 
horizontal force equilibrium illustrated in Fig. 2, the horizontal component of the 294 
passive earth thrust can be expressed as 295 
 
h h hP R ' U    (25) 296 
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Similarly, vertical force equilibrium gives the vertical component as 297 
 
v v vP U R ' W     (26) 298 
Combining Eqs. (25) and (26) yields 299 
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As illustrated in the flowchart in Fig. 3, the iterative procedure can be repeated until 303 
the discrepancy between the two values of Pp is within a prescribed tolerance, which 304 
is set as 0.1% of the mean value of Pp obtained using Eqs. (27) and (28) in the present 305 
study.  306 
Location of the passive thrust 307 
Considering the moment equilibrium condition on the pole of the log spiral O, the 308 
distance T is then obtained by 309 
 1 1 2 2 3 3 u vv
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where L1, L2 and L3 are the horizontal distances between the centers of gravity of OAC, 311 
OBC and OAB and point O, respectively, as shown in Fig. 5, and can be obtained by 312 
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where 314 
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  (31) 315 
As indicated in the flowchart (Fig. 3), several passive thrusts Pp can be obtained that 316 
satisfy the conditions set out in this study, while the locations of Pp may vary. It has 317 
been shown that in most cases, the application of the passive thrust Pp is located at 318 
1/3H, which yields the optimum result (Barros 2006; Xu et al. 2015; Patki et al. 2017). 319 
Therefore, the 1/3H criterion is adopted for selecting the optimum passive thrust Pp, 320 
and from this the coefficient of passive earth pressure considering seepage flow Kp 321 
can be obtained, 322 
 pp 2
sat
2P
K
H
   (32) 323 
Parametric analysis 324 
Some of the key parameters that may influence the passive earth pressure including 325 
the ratio of permeability coefficient ξ, the effective friction angle φ’ and the soil-wall 326 
interface friction angle δ are considered during the parametric analysis. Fig. 7 327 
presents the influence of anisotropic seepage flow on the coefficient of passive earth 328 
pressure Kp, in which φ’ varies within the range of 20
o–45o while the condition 329 
δ=1/2φ’ is maintained. It is noted that the value of the ratio of permeability 330 
coefficient ξ is assumed to vary from 0 to 1, as the horizontal permeability coefficient 331 
is normally greater than the vertical (kx/ky > 1) in normal sedimentary deposits as 332 
well as the backfill behind the retaining walls (Taylor 1948; Harr 1962; Kenny 1963; 333 
Head 1988; Rafiezadeh and Ashtiani 2014). Three values of ξ (=1/3, 1/2 and 2/3) are 334 
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taken in the analysis to represent the expected range, in comparison with the 335 
isotropic seepage flow with ξ=1.0. As illustrated in Fig. 7, the influence of the 336 
anisotropic seepage flow is insignificant when φ’<30o, while such influence becomes 337 
considerable when φ’>30o. For example, the maximum difference when φ’=35o is 338 
about 15%, while the isotropic case ξ=1.0 provides the lower bound. 339 
Fig. 8 presents the influence of the internal friction angle φ’ on the passive earth 340 
pressure for varying soil-wall interface friction angles δ. In this case, only isotropic 341 
seepage flow with ξ=1 inside the backfill is considered. Similar trends are observed 342 
with those from earlier studies, such as Soubra and Macuh (2002) and Barros (2006), 343 
that Kp increases with φ’ for a range of δ values. Note that Patki et al. (2017) applied 344 
a similar procedure to calculate the passive earth pressure. However they did not 345 
consider the effect of seepage flow in the backfill. Compared to the present study, 346 
their results overestimate the passive earth pressure and thus may give rise to 347 
un-conservative values if they were applied in a practical engineering design. 348 
Moreover, the difference is moderate when φ’ and δ are small, but it grows when φ’ 349 
and δ become larger; for example the difference is approximately 40% when 350 
φ’=δ=45°. 351 
To further assess the joint effects of anisotropic seepage flow and the soil-wall 352 
interface friction angle δ, Fig. 9 presents the coefficient of passive earth pressure Kp 353 
varying with friction angle φ’ and δ under both isotropic (ξ=1) and anisotropic (ξ=1/3) 354 
conditions. Overall, the results show that Kp increases with the interface friction 355 
angle and soil internal friction angle. For the cases with smaller φ’ and δ, the effect of 356 
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anisotropy of seepage flow is relatively small, while the difference between the 357 
isotropic and anisotropic cases become larger when φ’ and δ increase. Comparison 358 
between ξ=1/3 and ξ=1 indicates that the anisotropic seepage flow will increase the 359 
passive earth pressure, especially when φ’ and δ are larger. For example, a more than 360 
16% discrepancy is shown in Fig. 9 when φ’=δ=35°.  361 
 362 
Simplified procedure  363 
When calculating the passive earth pressure, the curved failure surface is commonly 364 
assumed, in accordance with those observed in practical engineering (Morrison and 365 
Ebeling, 1995; Subba Rao and Choudhury, 2005), although it may bring in more 366 
complex implementation procedures. Nevertheless, as has been shown that for cases 367 
with the soil-wall interface friction angle δ smaller than φ’/2, the discrepancy 368 
between the real failure surface and Coulomb’s planar surface is very small, 369 
especially for small effective internal friction angles φ’ (Murthy, 2002). Therefore, the 370 
passive earth pressure can also be computed under such conditions by assuming a 371 
simplified planar failure surface. Given the advantages of the planar failure surface, 372 
this simplification is assessed for validity given the presence of seepage flow within 373 
the backfill. Similar to the analysis for curved failure surfaces, the flow field could be 374 
obtained using the Laplace equation, and the modified Kötter equation (Eq. 23) is 375 
applied to calculate the effective reactive force along the planar failure surface. Fig. 376 
10 illustrates the simplified free body diagram in the analysis.  377 
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Pore pressure along the planar failure surface 378 
After substituting x=y·cot(ε) into Eq. (2), the total head along the planar failure 379 
surface can be obtained as 380 
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and the pore pressure at any point along the planar failure surface is 382 
    , ,wu y h y y        (34) 383 
Integration of Eq. (34) yields the resultant pore pressure force U on the planar failure 384 
surface, given by 385 
 
0
= csc d
H
U u y   (35) 386 
Simplified passive earth pressure solution 387 
Based on the horizontal and vertical equilibrium conditions, the components of 388 
passive earth pressure in both directions can be expressed as 389 
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  (36) 390 
where the weight of the failure wedge is 391 
 2sat
1
= cot
2
W H    (37) 392 
and the effective resultant soil reaction Rs’ acting on the planar failure surface is 393 
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The detailed derivation of Eq. (38) is presented in Appendix A2. 395 
Then, the passive earth pressure from this simplified method is obtained as 396 
 hs vsps
cos sin
P P
P
 
    (39) 397 
By applying the moment equilibrium condition on point D, the unique application of 398 
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the simplified passive thrust Pps is then obtained, 399 
 
 
2
s
0
s
hs
1 1
csc d csc cos cot
3 3=
H
u y y R 'H ' WH
T
P
    
  (40) 400 
Unlike the previous method adopting the curved failure surface, the simplified 401 
method only requires a single parameter ε to obtain the complete geometry of the 402 
planar failure wedge. The passive earth pressure can be obtained when the 403 
parameters φ’, δ and H are known. The results from the simplified method and 404 
comparisons with the curved failure surface approach are discussed below. 405 
Comparison with the curved failure surface 406 
To evaluate the accuracy of the planar failure surface assumption on the passive 407 
earth pressure, comparisons are made between the results from both methods 408 
considering anisotropic seepage flow inside the backfill. For this comparison, φ’ 409 
varies from 20° to 45° while the condition δ=1/2φ’ is maintained. As shown in Fig. 11, 410 
overall, the results from the planar failure surface overestimate the passive earth 411 
pressure, and the differences become more significant as φ’ increases. However, 412 
when φ’ is small, the discrepancy is negligible. For example, the differences between 413 
these two results are only about 4% and 6% when φ’=20° and 30o, respectively. On 414 
this basis, the simplified method can be appropriately applied to calculate the 415 
passive earth pressure including the effects of seepage flow inside the backfill when 416 
φ’ ≤ 30o and δ=1/2φ’. 417 
 418 
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Validation and Discussion  419 
Comparison with the results of Shields and Tolunay (1973) 420 
The passive earth pressure acting on a vertical retaining wall with horizontal backfill 421 
can be calculated following the procedure outlined above. The backfill is fully 422 
saturated sand with seepage flow inside the backfill. Using the procedure illustrated 423 
in Fig. 3, a unique log-spiral failure surface can be obtained and thus the passive 424 
earth pressure can be calculated. Note that the modified Kötter equation is 425 
employed to compute the effective soil reactive pressure distribution on the failure 426 
surfaces presented, force-equilibrium analysis can be directly performed without 427 
pre-assuming the location of the earth thrust. 428 
Shields and Tolunay (1973) reported the passive earth pressure coefficients using the 429 
method of slices, in which a composite curved (log-spiral and planar) failure surface 430 
was adopted but the effects of seepage flow were not considered in their analysis. In 431 
comparison in this study the modified Kötter equation is employed to obtain the 432 
effective reactive force along the proposed curved failure surface, and thus the 433 
corresponding Pp values can be obtained by applying force-equilibrium conditions. To 434 
verify whether the failure surfaces adopted by Shield and Tolunay (1973) are capable 435 
of fulfilling the force-equilibrium conditions, the Kötter equation was also used to 436 
compute the reactive force along the failure surface proposed by Shield and Tolunay 437 
(1973). Similar analyses were also undertaken by Patki et al. (2017) to discuss the 438 
equilibrium conditions of their failure surface, in which the seepage flow in the 439 
backfill was excluded. 440 
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Table 1 lists the passive thrusts Pp obtained using the modified Kötter (1903) 441 
equation for the composite curved failure surface proposed by Shields and Tolunay 442 
(1973) and the log-spiral failure surface proposed in this study. The unit weight of the 443 
saturated backfill is equal to 20kN/m3, the effective friction angle φ’ varies from 20° 444 
to 45°, and the soil-wall friction angle δ is taken as 1/2φ’. It is seen from Table 1 that 445 
the passive earth thrusts Pp from both methods show very close results, with the 446 
difference being about 4% when φ’=35°. However, the Pp values using Kötter (1903) 447 
equation for Shields and Tolunay’s (1973) failure surface show relatively large 448 
difference between the results obtained from the horizontal and vertical directions 449 
(i.e. Pp
h and Pp
v), thus the failure surface proposed by Shields and Tolunay (1973) 450 
does not fulfill the force-equilibrium conditions. Table 1 also lists the horizontal and 451 
vertical components of the passive earth thrust from both methods (i.e. Ph and Pv). 452 
As followed by the standard sign convention in Table 1, the downward vertical 453 
component of the passive thrust Pv is taken to be positive, due to the influence of the 454 
soil-wall interface friction. Shield and Tolunay (1973) reported the passive earth 455 
pressure for the case of a clockwise-inclined retaining wall, resulting in a positive (or 456 
downward) vertical component of Pp. However, as listed in the table, for the cases 457 
with φ’≤40°, the obtained Pv values by Shields and Tolunay (1973) are all negative, 458 
indicating that the passive thrust Pp would be slightly upward. This direction of 459 
passive thrust is not what would be expected given the soil-wall interface friction. In 460 
comparison, the method proposed here yields positive results for both Pv and Ph, in 461 
accordance with those normally used in the practical design. In addition, negligible 462 
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discrepancies are observed between the results of Pp
h and Pp
v, indicating that the 463 
failure mechanism adopted in this study fulfills the force equilibrium conditions with 464 
the criterion of the passive thrust Pp located at 1/3H of the retaining wall.  465 
Comparison with other theoretical results 466 
To further assess the effects of seepage flow on the passive earth pressure, Table 2 467 
presents the comparisons of Kp values between the present study and other methods 468 
reported in the literature, including Soubra (2000), Shiau et al. (2008), Antão et al. 469 
(2011), Lancellotta (2002), and Patki et al. (2015b, 2017). Only isotropic seepage flow 470 
with ξ=1 is considered herein. The same ranges of the parameters as those in Table 1 471 
are considered for a vertical retaining wall resting against a horizontal cohesionless 472 
backfill, while the effects of seepage flow were not taken into account in their 473 
analyses. Note that Soubra (2000) used the limit analysis method considering the 474 
kinematic conditions to obtain the upper-bound solutions of the passive earth 475 
pressure. Shiau et al. (2008) and Antão et al. (2011) adopted the limit analysis 476 
coupled with the finite element method, and obtained the upper-bound solutions of 477 
passive earth pressure. In comparison, Lancellotta (2002) proposed an analytical 478 
lower-bound solution based on the limit analysis method. The limit equilibrium 479 
method coupled with the original Kötter equation was employed by Patki et al. 480 
(2015b, 2017), with the former adopting the composite failure surface comprising a 481 
log spiral followed by its tangent and the latter adopting the complete log-spiral 482 
failure surface. The resultant earth reaction distributing on the curved failure surface 483 
was directly obtained by solving the original Kötter equation. 484 
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As seen in Table 2, the Kp values using the proposed method employing the log-spiral 485 
failure surface are in fairly good agreements with the theoretical results from the 486 
studies outlined above. Because the method proposed in this study accounts for 487 
seepage flow effects, it yields smaller Kp values than those obtained by the other 488 
methods, as evidenced by Table 2. It is also noted that the discrepancy grows as φ’ 489 
and δ increase; for example it could be 10–40% lower than the results obtained by 490 
Patki et al. (2017), which is a special case of the proposed method if seepage flow is 491 
not addressed in the backfill. 492 
It is worth noting that the passive earth thrust is regarded as the main supporting 493 
force ensuring the stability of the retaining structures in design. When there exists 494 
the seepage flow inside the backfill, the passive earth pressures will be decreased, 495 
and the ultimate capacity of the retaining structure will be reduced, leading to the 496 
potential for instability problems during the retaining walls design life. In such cases, 497 
it is of vital importance to account for the effects of seepage flow during design 498 
calculations. 499 
 500 
Conclusions 501 
This paper presents an analytical procedure to calculate the passive earth pressure 502 
acting on a retaining wall, considering the anisotropic seepage flow through a 503 
cohesionless backfill. The main focus of this paper is the effect of anisotropic seepage 504 
flow on the passive earth pressure, when applied to more realistic failure surfaces. 505 
The conclusions of this work are summarized below: 506 
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1) A log-spiral failure surface was employed to derive the passive earth pressure 507 
based on the limit equilibrium method. The trial and error procedure performed to 508 
obtain the potential passive earth pressure solutions including anisotropic seepage 509 
did not require a pre-assumed location of the earth thrust in force equilibrium 510 
analysis. 511 
2) Using a Fourier series expansion method and coordinate transformation technique, 512 
the anisotropic seepage field in the backfill behind the retaining wall can be 513 
analytically solved for the required boundary conditions, and thus the pore water 514 
pressure acting on either curved or planar failure surfaces can be obtained. 515 
3) The modified Kötter equation considering the effect of anisotropic seepage flow 516 
was employed to compute the effective soil reactive pressure distribution on the 517 
log-spiral failure surfaces. An iterative procedure based on force equilibrium 518 
conditions can be performed to identify a unique failure surface and thus the passive 519 
earth thrust. 520 
4) The passive earth pressure is greatly reduced due to the existence of seepage flow 521 
in the backfill, and this is detrimental to the stability of the retaining structures. The 522 
influence of anisotropic seepage flow was investigated by varying the ratios of the 523 
permeability coefficient ξ. In comparison to the isotropic seepage case, the passive 524 
earth pressure is increased when seepage is anisotropic. The discrepancy is greater 525 
as ξ increases. In the case of φ’=δ=45°, the calculated Pp with seepage is decreased 526 
by 40% in comparison to the results without the seepage flow. 527 
5) A parametric study indicates that the passive earth pressure coefficient Kp varies 528 
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both with the soil-wall interface friction angle δ and with the internal friction angle of 529 
soils φ’. Large values of both φ’ and δ will increase the passive earth pressure, which 530 
is beneficial to the stability of retaining structures.  531 
6) A simplified version that employs a planar failure surface to replace the curved 532 
one was proposed. It has been shown that under seepage flow conditions the 533 
simplified method yields similar results to the curved failure surface where φ’ ≤ 30o 534 
and δ=1/2φ’. The discrepancy is approximately 4% and 6% when φ’=20° and 30o, 535 
respectively. 536 
The calculation procedure proposed in this study is applicable to the passive earth 537 
pressure under anisotropic seepage flow conditions in the backfill behind a vertical 538 
wall where the top of the backfill is horizontal. For more complicated ground 539 
conditions, such as a non-level ground surface and multi-layered backfill, further 540 
analysis is required to generate a more general solution which can deal with the full 541 
range of conditions normally encountered in engineering practice. It should also be 542 
noted that due to the heavy rainfall, the velocity of the seepage flow may exceed the 543 
range of the steady laminar flow, under these conditions, the nonlinear Darcy’s law 544 
should be applied to obtain the seepage forces inside the backfill. In addition, 545 
internal erosion may occur such that the particles, especially fine particles are pulled 546 
away by the seepage forces. This design aspect is of particular concern and deserves 547 
further study.     548 
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List of the symbols 556 
H height of retaining wall 
h total water head 
Kp coefficient of passive earth pressure  
kx, ky coefficients of permeability in the horizontal and vertical 
directions, respectively 
Li horizontal distance of the portions from the pole of the log 
spiral  
m, M number of term in Fourier series, and M=(2m+1)π/2, 
respectively 
Mo, Mu moment of the total force and the pore water pressure about 
the pole of the log spiral, respectively 
ni distance of the point of application of the portions from the 
pole of the log spiral 
p, p’ soil reactive pressure and effective reactive pressure, on the 
failure surface, respectively 
Pp, Ph, Pv resultant, horizontal and vertical components of passive 
thrust acting on the retaining wall, respectively 
Pps, Phs, Pvs resultant, horizontal and vertical components of passive 
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thrust acting on the retaining wall in simplified method, 
respectively 
r, r0 intermediate and initial radius of the log spiral, respectively 
R curvature radius of points along the curved failure surface 
R’, Rh’, Rv’ resultant, horizontal and vertical components of effective 
resultant soil reaction offered by the failure surface, 
respectively 
Rs’, Rhs’, Rvs’ resulant, horizontal and vertical components of effective 
resultant soil reaction in the simplified method, respectively 
s distance of a point measured from top of the failure surface 
in simplified method 
T, Ts distances between the wall toe and the point of the passive 
thrust using methods adopting curved and planar failure 
surfaces, respectively 
U, Uh, Uv resultant, horizontal and vertical components of resultant 
pore water pressure force acting on the failure surface, 
respectively 
u, ur, uc resultant, radial and circumferential components of pore 
water pressure, respectively 
W self-weight of the failure wedge 
Wi weight of the log spiral and triangular portion, i=1-3  
Xi and Yi x and y coordinate of the point O, A, B and C, respectively  
α angle between the horizontal and the tangent to the 
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differential point on the failure surface 
β elevation angle of the top of retaining wall 
γ, γ’ unit weight and effective unit weight of soil, respectively 
γsat, γw unit weights of saturated soil and water, respectively 
δ soil-wall interface friction angle 
ε angle between the planar failure surface and the horizontal 
direction in simplified method 
ϑ, ϑm angle made by the intermediate radii, the final radii of the log 
spiral with the initial radii, respectively 
ϑv angle made by the initial radii of the log spiral with the wall 
ϑcr angle made by the tangent to the log spiral with horizontal at 
the tail end portion  
ξ ratio of permeability coefficients between kx and ky 
φ, φ’ internal friction angle and effective internal friction angle of 
soil 
  557 
30 
 
Appendix A 558 
A1. Solution for cases of saturated soil without seepage flow 559 
Based on the boundary condition p’=0 with ϑ=ϑm at the tail end portion of the failure 560 
surface, Patki et al. (2017) obtained a solution to the original Kötter equation (Eq. 17) 561 
for the cases with dry sand. 562 
For the special case of saturated soil without seepage flow inside the backfill, i.e.563 
0
h h
R
 
 
 
, the modified Kötter equation (Eq. 23) can be reduced to 564 
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  (A1) 565 
which has the same form as the original Kötter equation but adopts the effective 566 
stress parameter (e.g. p’ and φ’). 567 
By adopting the similar procedure as Patki et al. (2017), the effective soil reactive 568 
pressure p’ along the log-spiral failure surface considering the effect of seepage flow 569 
can be obtained as  570 
 
   
     m
tan0
v v2
3 2 tan0
m v m v2
sec
e 3tan sin cos
1 9 tan
sec
e 3tan sin cos
1 9 tan
'
'
r ' '
p' '
'
r ' '
'
'
 
  
 
    

 
    


     
     
  (A2) 571 
A2. Solution for the case with planar failure surface 572 
In a polar coordinate system with x=R·sinα and y=H-R·cosα, the total head h can be 573 
expressed as  574 
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 and its derivatives are given by  576 
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Substituting Eq. (A4) into Eq. (23) yields: 578 
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When the seepage flow is isotropic (ξ=1.0), Eqs. (A4) and (A5) can be reduced to 580 
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and 582 
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Fig. A1 shows the relationship between the dimensionless term 584 
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 and the curvature radius R (α=40°), where |I|max is the 585 
maximum of I. It is seen that the seepage term |I|max/H increases with R/H first, then 586 
peaks when R/H <5 before falling to zero when R/H further increases. This suggests 587 
that the seepage effect is negligible when R/H is large, under both isotropic and 588 
anisotropic seepage conditions. Nevertheless, the effect of seepage force becomes 589 
more significant when R/H is small, especially under more anisotropic seepage flow 590 
conditions (smaller ξ values).  591 
For the case with planer failure surface under passive state, the curvature radius592 
s
R

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
, and thus the modified Kötter equation is approximately the same as Eq. 593 
(A1). For the planar failure surface shown in Fig. 10, Eq. (A1) can be expressed as 594 
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  (A8) 595 
By applying the boundary condition p’=0 at the point F and α=ε along the failure 596 
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surface, where ε is the angle between the planar failure surface and the horizontal 597 
direction (Fig. 10), the solution to Eq. (A8) can be written as, 598 
  sinp' ' ' s      (A9) 599 
where s is the distance of a point measured from the point F. Therefore, the stress at 600 
point D can be obtained as 601 
  D sin cscp ' 'H '       (A10) 602 
Integration of Eq. (A9) yields the effective resultant soil reaction Rs’ acting on the 603 
planar failure surface DF, as follows: 604 
  
 
2
s
csc
sin
2
H
R' ' '

      (A11) 605 
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Fig. 11. Comparison between Kp values with planar and curved failure surface 
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Table 1. Comparison of proposed Pp values with Shield and Tolunay (1973)  
φ’(°) 
Proposed method Shield and Tolunay (1973) 
Pp (kN) Ph(kN)
* Pv(kN)
* Pp
h(kN)** Pp
v(kN)** Pp (kN) Ph(kN) Pv(kN) Pp
h(kN) Pp
v(kN) 
20 554.025 545.61  96.21  554.025 554.025 522.80 480.33 -206.43 390.25 -951.00 
25 696.8 680.28  150.82  696.8 696.8 656.79 623.20 -207.35 510.75 -766.50 
30 891.125 860.76  230.64  891.125 891.125 850.23 827.05 -197.20 685.00 -609.50 
35 1192.05 1136.88  358.46  1192.05 1192.05 1142.28 1130.25 -165.38 948.00 -440.00 
40 1650.5 1550.96  564.50  1650.5 1650.5 1607.55 1605.33 -84.63 1366.75 -209.75 
45 2393.55 2211.35  915.97  2393.55 2393.55 2327.42 2326.03 80.70 2079.00 168.75 
* Ph and Pv denote the horizontal and vertical component of the passive earth thrust Pp, respectively. 
** Pp
h and Pp
v denote the passive earth thrust obtained using the horizontal and vertical force equilibrium condition, 
respectively. 
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Table 2. Comparison of proposed Kp values with other theoretical results 
φ’ (°) δ/φ’ 
Proposed 
method 
Patki et al. 
(2017) 
Soubra 
(2000) 
Lancellotta 
(2002) 
Shiau 
et al. 
(2008) 
Antão 
et al. 
(2011) 
Patki et al. 
(2015b) 
20 1/3 2.09  2.39 2.39 2.37 2.42 2.39 2.86 
1/2 2.22  2.57 2.58 2.52 2.62 2.56 3.01 
2/3 2.39  2.75 2.77 2.65 2.82 2.73 3.17 
1 2.55  3.13 3.12 2.87 3.21 3.05 3.51 
25 1/3 2.54  3.07 3.08 3.03 3.11 3.07 3.64 
1/2 2.79  3.41 3.43 3.30 3.48 3.39 3.95 
2/3 3.11  3.76 3.79 3.56 3.86 3.72 4.26 
1 3.43  4.54 4.51 4.00 4.70 4.36 5.03 
30 1/3 3.16  4.03 4.05 3.95 4.10 4.02 4.72 
1/2 3.56  4.65 4.69 4.44 4.76 4.62 5.31 
2/3 4.19  5.34 5.40 4.93 5.49 5.25 5.94 
1 4.98  6.93 6.86 5.80 7.14 6.56 7.59 
35 1/3 4.06  5.44 5.48 5.28 5.58 5.42 6.27 
1/2 4.77  6.59 6.67 6.16 6.77 6.52 7.38 
2/3 5.53  7.95 8.06 7.09 8.17 7.76 8.64 
1 8.10  11.31 11.13 8.85 11.50 10.58 12.23 
40 1/3 5.39  7.62 7.70 7.28 7.79 7.57 8.62 
1/2 6.60  9.81 9.99 8.92 10.03 9.67 10.75 
2/3 8.44  12.58 12.93 10.71 12.87 12.19 13.30 
1 13.00  20.01 19.62 14.39 20.10 18.15 21.49 
45 1/3 7.41  11.18 11.36 10.48 11.41 11.09 12.38 
1/2 9.57  15.61 15.98 13.60 15.85 15.29 16.59 
2/3 13.22  21.78 22.22 17.27 22.03 20.75 22.09 
1 23.50  39.91 38.61 25.47 45.14 34.99 42.40 
 
 
